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1 Properties of The Fourier Transform

1.1 Properties of the Fourier transform
If f € L*(T") and k € Z", then f(k) = (f, Ey,) = [§ f(z)e 2™+ dg.

Definition 1.1. The Fourier series are

> Fk)Ey
keA
for A C Z™.
Definition 1.2. Let f € L'(R?). As E¢ € L®(R"),, f(€) = (f, Be) = [an f(x)e 2™ du.

The Fourier transform of f at £ is

(FE) = (&)

Proposition 1.1. Let f,g € L'(R"), let y,n € R™ and let T : R™ — R™ be an invertible
linear map.

~

1. frg=1-3.

2. f € Cy(R).

3. 7f = [E, and 7,(f) = FE,.

4. IfS=T7", then foT = |det(S)|foST.

5. Fort >0, set fi(z) =t~"f(z/t). Then F(f,) = (F(f)).
Proof. 1. Let & € R™. Then

Frg@ = | frgle)em " de



= [ e [ pe = ot dyda

We can use Fubini’s theorem because the product of integrable functions in separate
variables is integrable.

= [ o [ o= ge e deay

Make the change of variables z =z — y:

= / g(y)e 2mey f(Z)e_z’”g'Zdzdy

/ Je2mién f 5)
= f(©)7

. We have ]ﬂ < |Ifll1- If h € R™,

]/t\(f + h) _ f(x)e27ri§~:r:e2ﬂ'ih-x dx,
Rn

SO
Fle+h) - Fo)l < / F@)le2 e 1] da
Rn

|flle=2™%€® — 1| < 2|f| € L?, so we may apply the dominated convergence theorem
to conclude that

timsup ¢+ )~ Fl@)| < [ tmsuple 2 1]| ()] dz =0,
h—0 n

h—0

. Let £ € R™. Then

o~ o~

(DO =Fe-n= [ e Cf@yar= [ b)) dz = BIE),

FoT(¢)= | foT(x)e 2™ dy
]Rn

Make the change of variables y = Tz, so x = Sy and dx = | det(S)| dy.

Fy)e ™5 | det ()| dy
R'n



Use the fact that a - (Sb) = S'a - b:

= [ f@)e ] det(S) dy

= |det(S)[f o ST(€).

5. Set Tx = z/t. so Sy = ty. Define p,(f)(x) = t " f(x/t) = |det(S)|"'f o T(x). By
the previous part,
—_— 1 —_—
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